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Abstract
For any closed smooth Riemannian manifold H. Weyl [21] has de-
fined a sequence of numbers called today intrinsic volumes. They in-
clude volume, Euler characteristic, and integral of the scalar curvature.
We conjecture that absolute values of all intrinsic volumes are bounded
by a constant depending only on the dimension of the manifold, upper
bound on its diameter, and lower bound on the sectional curvature.
Furthermore we conjecture that intrinsic volumes can be defined for
some (so called weakly smoothable) Alexandrov spaces with curvature
bounded below and state few of the expected properties of them, par-
ticularly the behavior under the Gromov-Hausdorff limits. We suggest
conjectural compactifications of the space of smooth closed connected
Riemannian manifolds with given upper bounds on dimension and di-
ameter and a lower bound on sectional curvature to which the intrinsic
volumes extend by continuity. We discuss also known cases of some
of these conjectures. The work is a joint project with A. Petrunin.
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1 Introduction.
The goal of this paper is to formulate Conjectures 3.1, 3.3, 4.10, 5.4, 6.4
including the necessary background, and to discuss known special cases of
them.
The notion of intrinsic volumes of a convex compact subset of the Eu-
clidean space Rn goes back to J. Steiner (1840) who proved the Steiner for-
mula (1.1) below for n = 2, 3 for polytopes and strictly convex surfaces of
class C2 in [20]. In general they are defined as follows. Let K ⊂ Rn be a
convex compact set. For ε > 0 let Kε denote the ε-neighborhood of K. Then
the Steiner formula says that vol(Kε) is a polynomial in ε > 0 of degree n:
vol(Kε) =
n∑
i=0
εn−iκn−iVi(K), (1.1)
where κj denotes the volume of j-dimensional unit Euclidean ball, Vi(K) is
called the ith intrinsic volume of K. The normalizations are chosen in such a
way that if K ⊂ Rn ⊂ Rn+m then the ith intrinsic volumes of K considered
either as a subset of Rn or of Rn+m are the same. Also for an n-dimensional
convex set K one has Vn(K) = vol(K), V0(K) = 1, and Vn−1(K) equals to
1
2
of the area of the boundary ∂K. Intrinsic volumes of convex sets have
several important properties, e.g. non-negativity, monotonicity, Alexandrov-
Fenchel inequality (see [19], Chapters 5,7). Another important, though rather
trivial, property which is most relevant for this paper is the continuity of
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intrinsic volumes in the Hausdorff metric; we will try to generalize it to
another context, that of Alexandrov spaces (with curvature bounded below).
Alexandrov spaces are metric generalizations of smooth Riemannian man-
ifolds with sectional curvature bounded below. Basic examples of Alexandrov
spaces include: (a) complete smooth Riemannian manifolds with sectional
curvature bounded below; (b) arbitrary convex compact subsets in Rn and
their boundaries; (c) quotients of compact smooth Riemannian manifolds by
compact Lie groups of isometries.
In 1939 H. Weyl [21] has defined intrinsic volumes (under a different name)
for any closed smooth Riemannian manifold (see Section 2 below). Later
on they were generalized to more general spaces, e.g. to compact smooth
Riemannian manifolds with boundary or corners; in the literature they are
called sometimes Lipschitz-Killing curvatures. In that generality they serve
as basic non-trivial examples of valuations on manifolds. The latter theory
was initiated by the author [1]. While we will not use this theory explicitly,
some intuition comes implicitly from there. Notice that for closed smooth
Riemannian manifolds volume, Euler characteristic, and integral of scalar
curvature (up to a normalization) are special cases of intrinsic volumes.
A basic observation of the present work is the above mentioned fact that
the intrinsic volumes of convex compact sets are continuous in the Hausdorff
metric. Appropriately interpreted, this is also true for intrinsic volumes of
boundaries of convex compact n-dimensional sets in Rn. But convex sets and
their boundaries are basic examples of Alexandrov spaces with non-negative
curvature. Today quite a lot of information is known on the structure of
Alexandrov spaces with curvature bounded below: for the first introduction
we refer to [3] and for the more advanced material to [4]. The convergence
in the Gromov-Hausdorff (GH) metric of Alexandrov spaces with curvature
bounded below can be considered as an analogue of convergence in the Haus-
dorff metric of convex sets; the former notion has many deep properties.
Our main concern in this paper is whether one can define intrinsic volumes
for some class of compact Alexandrov spaces with curvature bounded below
which is broader than closed smooth Riemannian manifolds. Simple examples
show that this cannot be done by continuity in the GH-sense, even when
dimension and diameter are uniformly bounded above and the curvature is
uniformly bounded below. We formulate a corrected version of that question,
Conjecture 5.4 and Remark 4.11(3), which says that intrinsic volumes can
be defined for so called weakly smoothable Alexandrov spaces and tells what
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should happen under the GH-limits. Our conjectural answer to the latter
question is rather technical and requires quite detailed information on the
structure of Alexandrov spaces. However in the special case when there is no
collapse we do expect that there is continuity of intrinsic volumes in GH-sense
(Conjecture 3.3). If Conjecture 4.10 is true then, by the Gromov compactness
theorem, it implies that for a closed smooth Riemannian manifold Mn the
absolute values of all of its intrinsic volumes |Vi(M)| are bounded above by
constant depending only on dimension n, upper bound on the diameter of
M , and the lower bound on sectional curvature (Conjecture 3.1).
After describing various known special cases of the above conjectures, we
make one step further and in Conjecture 5.4 we describe a new conjectural
compactification of the space of closed smooth connected Riemannian man-
ifolds of dimension at most n, diameter at most D, and sectional curvature
at least κ, equipped with the GH-metric; we expect that the intrinsic vol-
umes do extend by continuity to this new compactification. As a set, this
compactification consists of Alexandrov spaces with an extra structure: an
equivalence class up to isometry of a constructible function (see Definition
5.1) on every space. Furthermore in Conjecture 6.4 we describe yet another,
finer, conjectural compactification whose points are Alexandrov spaces with
another extra structure: a constructible object of derived category of sheaves
of vector spaces over a fixed finite field.
In the formulation of most of the above conjectures the central role is
played by the notion of an extremal subset of an Alexandrov space due
to Perelman and Petrunin [15] and the unpublished construction due to
Petrunin [18] of a map of a collapsing sequence to the limit space which
generalizes the Yamaguchi map [22].
Acknowledgements. This work was done in a collaboration with Anton
Petrunin. Actually this work could not have been done without him. In my
opinion, he should be a coauthor of the paper. However at the last stage
of the work he decided to withdraw his name from the paper. In any case,
I express him my deepest gratitude for numerous discussions, teaching me
some of the background on Alexandrov spaces, and sharing with me his
unpublished results. I thank A. Bernig for his remarks on the first version
of the paper. I thank also the anonymous referee for the careful reading the
first version of the paper and for numerous remarks and corrections.
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2 Reminder on intrinsic volumes of smooth
Riemannian manifolds.
Let (Mn, g) be a closed smooth Riemannian manifold. By the Nash imbed-
ding theorem it can be smoothly isometrically imbedded into the Euclidean
space RN for large N . Let us denote by ι : M →֒ RN such an imbedding.
An easy observation due to H. Weyl [21] (see also [8]) is that the Euclidean
volume of the ε-neighborhood of ι(M) is a polynomial in 0 < ε≪ 1:
volN(ι(M)ε) = ε
N−n
n∑
i=0
Kiε
n−i,
where the coefficients Ki may depend on (M, g), N , ι. A non-trivial theo-
rem of H. Weyl ([21], see also [8]) says that after appropriate normalization
of the coefficients Ki they become independent of N and ι thus becoming
intrinsic invariants of (M, g). These normalized coefficients are denoted by
Vi(M) and are called the intrinsic volumes of (M, g). Actually Vi(M) can be
expressed as an integral over M with respect to the Riemannian volume of
some polynomial expression of the Riemann curvature tensor, see [21], [8].
2.1 Remark. Notice that the Nash imbedding theorem is not strictly neces-
sary to define intrinsic volumes; in fact Weyl proved the above results before
Nash proved his theorem. Weyl used weaker results on isometric imbeddings
available at the time.
It is well known (this follows from Theorem 3.15 in [8]) that about half
of the Vi’s vanish:
Vn−1(M) = Vn−3(M) = Vn−5(M) = · · · = 0. (2.1)
Furthermore one can show that
Vn(M
n) = volg(M), V0(M) = χ(M), (2.2)
Vn−2(M
n) = cn
∫
M
Sc(x) · dvolg(x), (2.3)
where volg is the volume form induced by the Riemannian metric g, χ(M)
denotes the Euler characteristic of M , Sc denotes the scalar curvature, cn is
a positive normalizing constant depending on n only.
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2.2 Remark. In the same way one can define intrinsic volumes of a smooth
compact Riemannian manifold with boundary or corners. However the van-
ishing conditions (2.1) and the equality (2.3) are not satisfied. Nevertheless
(2.2) does hold. To see that (2.1) and (2.3) may not hold for manifolds with
boundary, let us take a convex compact set with smooth boundary in Rn,
e.g. the unit Euclidean ball. All of its intrinsic volumes V0, V1, . . . , Vn are
strictly positive; this follows from Theorem 5.8 in [19].
3 First conjectures on intrinsic volumes.
The goal of this section is to state Conjectures 3.1, 3.3 and some known
special cases of them.
3.1 Conjecture. For any n ∈ N, D > 0, and κ ∈ R there exists a constant
C(n,D, κ) such that for any closed smooth connected Riemannian manifold
(Mn, g) of dimension n, diameter at most D, and sectional curvature at least
κ the intrinsic volumes satisfy
|Vi(M)| ≤ C(n,D, κ) (3.1)
for any i = 0, 1, . . . , n.
3.2 Remark. The conjecture is known to be true in the three cases i =
0, n, n− 2:
1) Vn(M
n) is just the Riemannian volume ofMn. The estimate on volume
is given by the Bishop inequality, see e.g [8], Theorem 3.19. For this result
even the lower estimate on the Ricci curvature of M is sufficient.
2) V0(M) = χ(M) is the Euler characteristic ofM . The required estimate
on |χ(M)| follows immediately from the stronger result of Gromov [9] saying
that under the assumptions of Conjecture 3.1 all Betti numbers of M are
bounded by a constant C(n,D, κ).
3) By (2.3) Vn−2(M) is proportional to
∫
M
Sc(x)dvolg(x). The upper
estimate of the absolute value of this integral under the assumptions of Con-
jecture 3.1 was proven by Petrunin [17].
In order to formulate the next conjecture remind the definition of the
Gromov-Hausdorff (GH) distance between two compact metric spaces A,B:
distGH(A,B) := inf{distH(A,B)},
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where distH denotes the Hausdorff distance, and the infimum is taken over
all metrics on the disjoint union of A and B whose restriction to A (resp. B)
coincides with the original metric of A (resp. B). It is well known that the
GH-distance is a metric on isometry classes of compact metric spaces; it is
called the GH-metric (or GH-distance).
The Gromov compactness theorem (see [4], Theorem 8.5) says that the
set of isometry classes of n-dimensional closed smooth connected Rieman-
nian manifolds of diameter at most D and sectional curvature at least κ
is relatively compact when equipped with the GH-metric. Furthermore the
completion of this metric space consists of compact length metric spaces
which necessarily have curvature at least κ in the sense of Alexandrov [4],
diameter at most D, and integer Hausdorff dimension at most n. (However
not all such Alexandrov spaces belong to the completion.) Given n,D, κ,
the set of isometry classes of compact length metric spaces with curvature
at least κ, diameter at most D, and Hausdorff dimension at most n is al-
ready compact with respect to the GH-metric by a version of the Gromov
compactness theorem [4].
It follows that if a sequence of closed n-dimensional Riemannian manifolds
{Mnl }
∞
l=1 with sectional curvature at least κ converges in the GH-sense to a
compact metric space X then X is an Alexandrov space of curvature at least
κ and of integer Hausdorff dimension dimH X at most n. One says that
Mnl −→ X without collapse if dimH X = n.
3.3 Conjecture. Assume that a sequence {Mnl }
∞
l=1 of smooth n-dimensional
closed connected Riemannian manifolds with a unifom lower bound on sec-
tional curvature converges in the GH-metric to a compact Alexandrov space
X without collapse. Then for any i = 0, . . . , n the sequence of intrinsic vol-
umes {Vi(Ml)} converges to a limit as l −→ ∞. This limit depends only on
X and is independent of the approximating sequence.
It is natural to call liml−→∞ Vi(Ml) from Conjecture 3.3 the ith intrinsic
volume of X and denote it by Vi(X). Thus if X happens to be in addition
a smooth Riemannian manifold then the limit Vi(X) should be the usual
intrinsic volume of X .
3.4 Remark. This conjecture is known to be true in cases i = 0, n, n− 2:
(1) For i = n, i.e. for the Riemannian volume, Conjecture 3.3 is a special
case of Theorem 10.8 in [4].
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(2) For i = 0, i.e. for the Euler characteristic, Conjecture 3.3 is a special
case of the much stronger Perelman’s stability theorem [14], [10] which claims
that under the assumptions of the conjecture, i.e. in the absence of the
collapse, Ml is homeomorphic to X for large l.
(3) For i = n−2, i.e. for the integral of the scalar curvature, the conjecture
was claimed to be proven by A. Petrunin and N. Lebedeva in the work in
progress [13].
(4) Conjecture 3.3 allows to define intrinsic volumes of some class of
singular Alexandrov spaces, i.e. those which are non-collapsed GH-limits
of sequences of smooth closed Riemannian manifolds of the same dimen-
sion and uniformly bounded below curvature; such spaces are called to be
smoothable. Notice that using different methods Cheeger-Mu¨ller-Schrader [5]
defined intrinsic volumes for piecewise flat spaces, which are not necessarily
Alexandrov spaces, and studied their convergence properties in a different
context. (I thank J. Fu for bringing [5] to my attention.)
In the next section we will formulate a refinement of Conjecture 3.3 to
the more general situation when there might be collapse.
4 Conjectures on convergence of intrinsic vol-
umes for possibly collapsing sequences.
Let {Mnl }
∞
l=1 be a sequence of smooth n-dimensional compact connected Rie-
mannian manifolds with a uniform lower bound on sectional curvature con-
verging to an Alexandrov space X in the GH-metric. It is a special case of
Theorem 10.8 in [4] that the volumes vol(Ml) = Vn(Ml) converge to the n-
dimensional Hausdorff measure of X (which vanishes iff there is a collapse).
However simple examples show that for other intrinsic volumes Vi(Ml), i < n,
the limit might not exist. For instance let us take the Euler characteristic
χ = V0. Consider a sequence of standard 2-dimensional spheres with radius
tending to 0. In converges to a point in the GH-sense and the curvatures are
non-negative. However the Euler characteristics of spheres equal to 2, while
the Euler characteristic of the point is 1. Similarly we can take a sequence
of flat 2-torii of diameter tending to 0. This sequence also converges to a
point in the GH-sense while the Euler characteristic of a torus is 0. Despite
such counter-examples we conjecture that after a choice of a subsequence
the limit of the intrinsic volumes of the sequence does exist and can be de-
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scribed in geometric terms. The statement of the conjecture requires more
background from the structure theory of Alexandrov spaces with curvature
bounded below; we are going to describe it now.
The following definition is due to Perelman and Petrunin [15].
4.1 Definition. Let X be a compact Alexandrov space with curvature
bounded below. A closed subset E ⊂ X is called extremal if for any point
p /∈ E, any point q ∈ E such that dist(p, q) = dist(p, E), and any point
x ∈ X, x 6= q, the angle between any two shortest geodesics connecting q
with p and with x respectively is at most pi
2
.
Here are a few facts due to Perelman and Petrunin we will need.
4.2 Proposition ([15]). 1) Any compact Alexandrov space has only finitely
many extremal subsets.
2) The union and the intersection of finitely many extremal subsets is an
extremal subset.
4.3 Definition. One says that an extremal subset is called primitive if it
cannot be presented as a union of two proper extremal subsets.
For a point p ∈ X let us denote by Ext(p) the only minimal extremal
subset containing p; clearly Ext(p) is necessarily primitive. Furthermore
denote by
Ext0(p) := Ext(p)\(union of all extremal subsets contained properly in Ext(p)).
Clearly for any two points p, q ∈ X either Ext0(p)∩Ext0(q) = ∅ or Ext0(p) =
Ext0(q). Thus we got finitely many disjoint locally closed subsets Ext0(p);
whose union is equal to X . We got a stratification of X which we call the
extremal stratification. It has several nice properties.
4.4 Theorem ([18]). Let X be a compact Alexandrov space with curvature
bounded below. Then one has:
(1) Any subset Ext0(p) is a connected topological manifold.
(2) For any extremal subset E ⊂ X (resp. any stratum Ext0(p)) the
Hausdorff dimension k of E (resp. Ext0(p)) is an integer, and the k-Hausdorff
measure of E (resp. Ext0(p)) is finite.
(3) There is exactly one open stratum.
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4.5 Theorem ([18]). Let us fix n ∈ N, D > 0, κ ∈ R. Then there exists a
constant C = C(n,D, κ) such that for any compact Alexandrov space with
curvature ≥ κ, diameter at most D, and dimension at most n, the number
of all extremal subsets is at most C.
The following result is due to A. Petrunin [18] which summarizes proper-
ties of extremal subsets under the GH-convergence.
4.6 Theorem. Let {Xmi } be a sequence of compact m-dimensional Alexan-
drov spaces with uniformly bounded below curvature which converges to a
compact n-dimensional Alexandrov space Xn in the GH-sense. By Theorem
4.5, the number of all extremal subsets in Xi is uniformy bounded above. Let
us denote by {Epi }
N
p=1 all the (compact) extremal subsets of Xi.
Let us fix metrics di on the disjoint unions X
∐
Xi such that
(a) di extends the original metrics on X and Xi;
(b) the Hausdorff distance between X and Xi with respect to the metric di
tends to 0.
(1) Then there exists a subsequence (denoted in the same way as the
original sequence) with the following properties. For any x ∈ X there exists
ε0(x) > 0 such that for any 1 ≤ p ≤ N , any ε ∈ (0, ε0(x)) and any xi ∈ Xi
with di(xi, x) −→ 0 one has
(i) the singular cohomology groups of B(xi, ε) ∩ E
p
i with coefficients in a
fixed field are finite dimensional (here B(xi, ε) ⊂ Xi is open ball).
(ii) the kth cohomology groups of B(xi, ε)∩E
p
i vanish for k > m = dimXi.
(iii) the Betti numbers of B(xi, ε) ∩ E
p
i are independent of i for i ≫ 1.
Let us denote this limiting kth Betti number by F pk (ε).
(iv) F pk (ε) is independent of ε ∈ (0, ε0(x)) and of a choice of the sequence
xi −→ x (but may depend on di however). Let us denote this function by F
p
k .
(v) F pk is constant on any stratum of the extremal stratification (i.e. on
any set of the form Exto(z)).
(2) Fix integers p and k. Let us choose a subsequence such that the
function F pk : X −→ Z is well defined. Let {d
′
i} be another sequence of metrics
on X
∐
Xi satisfying the same assumptions as {di}. Let us choose a finer
subsequence such that for {d′i} new function F
′p
k : X −→ Z is well defined as
in part (1). Then there exists an isometry ι : X−˜→X such that
F
′p
k = F
p
k ◦ ι.
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(3) There exists i0 ∈ N such that for all i > i0 there exist continuous
maps onto fi : Xi −→ X with the following properties:
(i) the fibers of fi are connected;
(ii) limi−→∞ supz∈Xi di(z, fi(z)) = 0;
(iii) for any x ∈ X there exists ε0(x) > 0 satisfying part (1) of the theorem
and such that for all 1 ≤ p ≤ N , any ε ∈ (0, ε0(x)), any xi ∈ f
−1
i (x), and all
i≫ 1 the set B(xi, ε)∩E
p
i is homotopically equivalent to the set f
−1
i (x)∩E
p
i .
(iv) any point x ∈ X has a basis of open neighborhoods {Uα(x)} such that
for any i > i0, any neighborhood Uα(x) from this family, any 1 ≤ p ≤ N the
spaces f−1i (Uα(x))∩E
p
i are homotopy equivalent to f
−1
i (x)∩E
p
i ; in particular
for all i > i0 the kth Betti number of f
−1
i (x) ∩ E
p
i is equal to F
p
k (x).
(4) If, in addition, Xi −→ X without collapse, i.e. m = n, then for i≫ 1
there exist homeomorphisms gi : Xi−˜→X such that
(i) limi−→∞ supz∈Xi di(z, fi(z)) = 0;
(ii) there exist functions ε0 : X −→ (0,∞) and j0 : X −→ N such that
for any x ∈ X, any ε ∈ (0, ε0(x)), and any i ≥ j0(x) the open balls
B(g−1i (x), ε) ⊂ Xi are contractible. In particular this implies that if we take
the strata, say E1i , to be the whole space Xi, then F
1
0 equals identically to 1,
and F 1k = 0 for all k 6= 0.
(5) Let {Mnl }
∞
l=1 be a sequence of n-dimensional smooth closed Rieman-
nian manifolds with a uniform upper bound on the diameter and a uniform
lower bound on sectional curvature. Assume Ml converges in the GH-sense
to a compact Alexandrov space Xm of Hausdorff dimension m. Then one
can choose maps fl : Ml −→ X, l ≫ 1, as in part (3) of the theorem and
satisfying in addition the following properties:
(i) Let U ⊂ X be the (only) open stratum of the extremal stratification.
Then fl|f−1
l
(U) : f
−1
i (U) −→ U is a Serre’s fibration for l ≫ 1.
(ii) There exists a non-empty open subset V ⊂ U such that
fl|f−1
l
(V ) : f
−1
l (V ) −→ V
is a topological fibration onto whose fibers are closed topological manifolds of
dimension n−m for l ≫ 1.
4.7 Remark. Part (4) of Theorem 4.6 is a refinement of the Perelman sta-
bility theorem [14], [10].
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4.8 Definition. A compact Alexandrov space X is called weakly smoothable
if there exists a sequence of closed smooth connected Riemannian manifolds
with uniformly bounded above dimension and a uniform lower bound on
sectional curvature which converges to X in the GH-sense.
4.9 Remark. At present it is not known whether every compact Alexandrov
space is weakly smoothable.
4.10 Conjecture. Let X be a compact weakly smoothable Alexandrov space.
Then for any stratum S of the extremal stratification one can define the
numbers Vi(S), i = 0, 1, 2, . . . , called intrinsic volumes of S, which satisfy
the following properties:
(1) Vi(S) = 0 for i > dimH S (recall that dimH S is integer by Theorem
4.4(2)).
(2) VdimH S(S) is equal to the (dimH S)-Hausdorff measure of S (which is
finite by Theorem 4.4(2)).
(3) V0(S) is equal to the Euler characteristic with compact support of
S: V0(S) = χc(S) :=
∑
k(−1)
k dimHkc (S,F) where F is an arbitrary field;
one expects that all involved cohomology groups are finite dimensional and
Hkc (S,F) = 0 for k > dimH S.
1
(4) Let {Mnl }
∞
l=1 be an arbitrary sequence of smooth closed connected n-
dimensional Riemannian manifolds with a uniform lower bound on sectional
curvature. Assume that {Ml} converges to a compact Alexandrov space X in
the GH-metric. Choose a subsequence such that the functions Fk : X −→ Z
are defined by Theorem 4.6(1) (here we omit the index p since on each Mi
there is just one stratum equal to the whole Mi). Denote F :=
∑
k(−1)
kFk.
Then for any i there exists liml−→∞ Vi(Ml) and it is equal to
∑
S
F (S) · Vi(S),
where the sum runs over all strata of the extremal stratification of X, and
F (S) denotes the value of F on S (recall that F is constant on each stratum
S by Theorem 4.6(1)(v)).
4.11 Remark. (1) Conjecture 4.10 formally implies Conjecture 3.3 because
the function F is identically 1 by Theorem 4.6(4).
(2) Conjecture 4.10 also obviously implies Conjecture 3.1.
1This was conjectured by A. Petrunin [18].
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(3) Conjecture 4.10(4) implies that one should be able to define intrin-
sic volumes of any weakly smoothable compact Alexandrov space X by
Vi(X) :=
∑
S Vi(S) where the sum runs over all strata of the extremal strat-
ification. Notice that it was shown by A. Petrunin that these strata may not
be Alexandrov spaces with curvature bounded below [16]. Hence the right
generality to study intrinsic volumes should probably be beyond Alexandrov
spaces.
(4) Let {Mnl } be a sequence of n-dimensional smooth closed Riemannian
manifolds with sectional curvature uniformly bounded below which converges
in the GH-sense to an m-dimensional Alexandrov space X . Let us consider
what Conjecture 4.10 says about Vn−2(Ml) (which is proportional to the
integral of the scalar curvature).
(i) Let m = n. Then there should exist liml−→∞ Vn−2(Ml) = Vn−2(X).
(ii) Let m ≤ n− 3. Then liml−→∞ Vn−2(Ml) = 0.
(iii) Letm = n−2. Then, after a choice of subsequence, liml−→∞ Vn−2(Ml) =
F (int(X))voln−2(X), where int(X) denotes the only open stratum of X , and
voln−2(X) is the (n− 2)-th Hausdorff measure of X .
(iv) Letm = n−1. After a choice of subsequence we may assume that the
constructible function F is well defined. Notice that by Theorem 4.6(5) the
function F vanishes on the open stratum of X : indeed over an open subset of
it the fibers of fi are closed topological 1-dimensional manifolds, i.e. circles,
hence have vanishing Euler characteristic. Hence Conjecture 4.10 says that
lim
l−→∞
Vn−2(Ml) =
∑
dimS=n−2
F (S)voln−2(S),
where the sum runs over n − 2-dimensional strata, and voln−2(S) is the
(n− 2)-th Hausdorff measure of such a stratum S.
(5) Let us give a simple example when Conjecture 4.10 is known to be
true. Let M,N be two smooth compact Riemannian manifolds, possibly
with boundary or corners. Notice that in the case of non-empty boundary
or corners M and N do not have to be Alexandrov spaces; nevertheless the
claim below is still correct. For ε > 0 we denote ε ·N the manifold N whose
original metric is multiplied by ε. Then obviously M × ε · N −→ M in
the GH-sense (if M,N are closed and N is non-negatively curved then the
sectional curvature ofM×ε ·N is uniformly bounded below for ε > 0). Then
one has for any i
lim
ε−→+0
Vi(M × ε ·N) = χ(N) · Vi(M).
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Assuming M,N are closed, and N has non-negative sectional curvature, it is
easy to see that one has convergence of pairs
(M × ε ·N, 1lM×ε·N) −→ (M,χ(N) · 1lM).
4.12 Remark. In the specific situation of an Alexandrov space Xn of curva-
ture at least κ which is a definable subset of a Euclidean space with respect
to an o-minimal structure Bernig [2] has defined scalar curvature (not only
the number Vn−2(X)) and proved an estimate for it. This estimate implies
that
Vn−2(X) ≥ κn(n− 1)voln(X). (4.1)
The quantity Vn−2(X) is given in terms of integration with respect to a
normal cycle which does exist for definable sets. It looks intriguing to un-
derstand the compatibility of this notion (and other intrinsic volumes con-
structed using normal cycle) with the intrinsic volumes from Remark 4.11(3)
and whether the estimate (4.1) holds for some other Alexandrov spaces.
5 A new conjectural compactification of the
space of Riemannian manifolds.
For fixed n ∈ N, D > 0, κ ∈ R let us denote byM(n,D, κ) the set of isometry
classes of smooth closed connected n-dimensional Riemannian manifolds of
diameter at most D and the sectional curvature at least κ. Let us also de-
note by A(n,D, κ) the set of isometry classes of compact Alexandrov spaces
with curvature at least κ, diameter at most D, and the Hausdorff dimension
at most n. Clearly M(n,D, κ) ⊂ A(n,D, κ). Equipped with the Gromov-
Hausdorff metric, A(n,D, κ) is a compact space by the Gromov compactness
theorem. The goal of this section is to present a new conjectural compactifi-
cation of M(n,D, κ) to which the intrinsic volumes extend conjecturally by
continuity and which has a geometric origin.
5.1 Definition. LetX be a compact Alexandrov space. A function F : X −→
Z is called constructible if it is constant on each stratum of the extremal strat-
ification.
5.2 Definition. We say that two constructible functions F, F˜ : X −→ Z are
equivalent up to isometry if there exists an isometry ι : X−˜→X such that
F˜ = F ◦ ι.
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5.3 Remark. It was shown in [6] that the group of isometries of a compact
Alexandrov space is a compact Lie group, hence it has finitely many con-
nected components. It is clear that the connected component of the identity
acts trivially on constructible functions. Hence in the given equivalence class
there are only finitely many constructible functions; their number is at most
the number of connected components in the group of isometries of X .
Let us denote byN (n,D, κ) the set of pairs (X, [F ]) whereX ∈ A(n,D, κ)
is an Alexandrov space and [F ] is an equivalence class of constructible func-
tions on X up to isometry. Notice that any constructible function F : X −→
Z can be uniquely written as F =
∑
E cE1lE where the sum runs over all
primitive extremal subsets and cE ∈ Z. For a ”nice” map f : X −→ Y let
us define the push-forward f∗F of a constructible F on X as follows. Let us
write F =
∑
E cE1lE as previously. Then
(f∗F )(y) :=
∑
E
cEχ(f
−1(y) ∩ E) for all y ∈ Y.
We assume here that ”nice map” means that at least the Betti numbers and
the Euler characteristic of all fibers are well defined; however in practice f is
expected to have even better properties. Sometimes this operation is called
integration of F with respect to the Euler characteristic along the fibers of f
(see e.g. [12] or §9.7 in the book [11]). Whenever f∗ makes sense it should
be additive: f∗(F1 + F2) = f∗(F1) + f∗(F2).
5.4 Conjecture. There exists a Hausdorff topology on N (n,D, κ) satisfying
the following properties.
(1) A sequence {(Xl, [Fl])}∞l=1 ⊂ N (n,D, κ) converges to (X, [F ]) with
respect to this topology if and only if the following two conditions are satisfied:
(a) Xl converges to X in the Gromov-Hausdorff sense;
(b) for any subsequence there is a finer subsequence as in Theorem 4.6(1),(2)
such that for some (equivalently, any) choice of continuous maps fl : Xl −→
X as in Theorem 4.6(3) the sequence of functions fl∗(Fl) stabilizes for l ≫ 1
and the limiting function is equivalent to F up to an isometry.
(2) The obvious map N (n,D, κ) −→ A(n,D, κ) given by (X, [F ]) 7→ X
is continuous.
(3) For any n′ ≥ n,D′ ≥ D, κ′ ≤ κ, the set N (n,D, κ) is a closed subset
of N (n′, D′, κ′) under the natural imbedding, and the topology of N (n′, D′, κ′)
induces the topology on N (n,D, κ).
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(4) Let Nˆ (n,D, κ) denote the closure in N (n,D, κ) of all pairs (M, [1lM ])
whereM ∈M(n,D, κ) is a smooth closed Riemannian manifold of dimension
n, and 1lM is the function on M identically equal to 1. Then
(a) Nˆ (n,D, κ) is a compact subset of N (n,D, κ);
(b) all the intrinsic volumes Vi extend (obviously uniquely) to continuous
maps Vi : Nˆ (n,D, κ) −→ R such that on each pair (M, [1lM ]), where M is a
smooth Riemannian manifold, this extension takes the value Vi(M) (i.e. the
usual intrinsic volume of the smooth manifold M). More precisely for any
(X, [F ]) ∈ Nˆ (n,D, κ) and for any stratum S ⊂ X of the extremal stratifica-
tion there should exist intrinsic volumes Vi(S) (independent of [F ]) such that
they satisfy Conjecture 4.10 and the conjectured extension of Vi to Nˆ (n,D, κ)
by continuity is given, as in Conjecture 4.10, by
Vi(X,F ) =
∑
S
F (S) · Vi(S),
where the sum runs over all the strata of X.
(5) The fibers of the obvious map Nˆ (n,D, κ) −→ A(n,D, κ) are finite,
and their cardinality is uniformly bounded by a constant C(n,D, κ) depending
only on n,D, κ.
5.5 Remark. It is natural to expect that intrinsic volumes extend by con-
tinuity to the larger subset of N (n,D, κ) which is equal to the closure in
N (n,D, κ) of the set
N (n,D, κ) ∩
(
∪n′≥n,D′≥D,κ′≤κNˆ (n
′, D′, κ′)
)
.
6 Finer conjectural compactifications of the
space of Riemannian manifolds.
In this section we conjecture an existence of some other compactifications of
the space of Riemannian manifolds. They are finer than the compactification
Nˆ (n,D, κ) described in Section 5 in the sense that there should exist canon-
ical continuous maps to Nˆ (n,D, κ); the intrinsic volumes should also extend
to them by continuity. These compactifications depend on an a priori choice
of a finite field F. The points of these compactifications are compact Alexan-
drov spaces with an isomorphism class of a constructible (with respect to the
extremal stratification) object of the bounded derived category of sheaves of
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F-vector spaces up to the action of the isometry group of this space. To any
such object one may canonically assign a constructible function in the sense
of Section 5, thus the former contain more information than the latter. In
particular, given a sequence of smooth closed Riemannian n-manifolds (with
uniform lower bound on the sectional curvature, as usual) which collapses
to an Alexandrov space X , after a choice of a subsequence one should be
able to get an object on X of the above type. In a sense it contains extra
information characterizing the geometry of the collapsing sequence. At the
end of this section we give a (conjectural) application of this more refined
picture to show that if a sequence of n-dimensional closed Riemannian man-
ifolds collapses to an Alexandrov space X , and a costructible function F on
X is well defined then there is a non-trivial restriction on F coming from the
Verdier duality operation in the derived category of sheaves.
The conjectures of this section are more optimistic than those described
in the previous sections since they are based on some extra properties of the
extremal stratification which have not been proven so far but look plausible
by [18]. Let us describe the conjectures more precisely. We will assume a
basic familiarity with the language of derived categories of sheaves of vector
spaces on a topological space; we refer to [7] for this material.
Let us fix a finite field F. For a topological space X let us denote by
Db(ShF(X)) the bounded derived category of sheaves of vector spaces over
the field F. (Recall that its objects are complexes of sheaves of F-vector
spaces with cohomologies vanishing for very large and very small indices; it
is more tricky to describe the morphisms, see [7].) Let now X be a compact
Alexandrov space. We will call an object F ∈ Db(ShF(X)) constructible if
the restriction of each cohomology sheaf of F to each stratum of the ex-
tremal stratification is a local system. We will denote by Dbc(ShF(X)) the
full subcategory of constructible objects of Db(ShF(X)); in other words the
objects of Dbc(ShF(X)) are precisely the constructible objects of D
b(ShF(X))
and the morphisms between them are the same as in Db(ShF(X)). First let
us formulate a conjecture of a somewhat technical nature.
6.1 Conjecture. Let X be a compact Alexandrov space and let N ∈ N. Then
there exist only finitely many isomorphism classes of objects in Dbc(ShF(X))
such that all cohomology sheaves vanish for indices outside of the segment
[−N,N ], and the restrictions of all other cohomology sheaves to each stratum
of the extremal stratification are local systems of rank at most N .
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6.2 Remark. As a partial confirmation of this conjecture let us mention
that it can be shown [18] that the fundamental group of each stratum of the
extremal stratification is finitely generated. This immediately implies that
on each stratum there exist only finitely many (up to isomorphism) local
systems of rank at most r with coefficients in the field F.
Similarly to the case of constructible functions we have the following
definition.
6.3 Definition. Two objects F , F˜ ∈ Dbc(ShF(X)) are called equivalent up to
isometries if there exists an isometry ι : X−˜→X such that F˜ = ι∗(F), where
ι∗ denotes the pull-back functor in Db(ShF(X)).
The equivalence class up to isometry of a constructible object F is denoted
by [F ].
Furthermore any constructible object F ∈ Dbc(ShF(X)) defines a con-
structible function F on X as follows: for any point x ∈ X , let
F (x) =
∑
i
(−1)i dimFH
i(F)|x,
where Hi(F) denotes the ith cohomology sheaf of F , and Hi(F)|x is its stalk
at the point x; the latter is a finite dimensional F-vector space. This map
F 7→ F we will denote by α, i.e. F = α(F).
Let us denote by LF(n,D, κ) the set of pairs (X, [F ]) where X is an
Alexandrov space of Hausdorff dimension at most n, diameter at most D,
and curvature al least κ, and F is an object of Dbc(ShF(X)). For a continuous
map f : X −→ Y we denote by f∗ : Db(ShF(X)) −→ Db(ShF(Y )) the push-
forward functor in the derived category. The main conjecture of this section
is as follows.
6.4 Conjecture. There exists a Hausdorff topology on the set LF(n,D, κ)
with the following properties:
(1) A sequence {(Xl, [Fl])}∞l=1 converges to (X, [F ]) if and only if the
following conditions are satisfied:
(a) Xl converges to X in the GH-metric;
(b) for any subsequence there is a finer subsequence as in Theorem 4.6(1),(2)
such that for some (equivalently, any) choice of continuous maps fl : Xl −→
X as in Theorem 4.6(3) the sequence of objects fl∗(Fl) stabilizes for l ≫ 1
and the limit object is equivalent to F up to isometry.
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(2) The map LF(n,D, κ) −→ N (n,D, κ) given by (X, [F ]) 7→ (X, [α(F)])
is continuous. (Consequently the map LF(n,D, κ) −→ A(n,D, κ) given by
(X, [F ]) 7→ X is continuous.)
(3) For any n′ ≥ n,D′ ≥ D, κ′ ≤ κ, the set LF(n,D, κ) is a closed
subset of LF(n′, D′, κ′) under the natural imbedding, and the topology of
LF(n′, D′, κ′) induces the topology on LF(n,D, κ).
(4) Let LˆF(n,D, κ) denote the closure in LF(n,D, κ) of all pairs (M, [FM ])
where M ∈ M(n,D, κ) is a smooth closed Riemannian manifold and FM is
the rank one constant sheaf on M with coefficients in F. Then LˆF(n,D, κ) is
a compact subset of LF(n,D, κ).
(5) The map LˆF(n,D, κ) −→ A(n,D, κ) given by (X, [F ]) 7→ X has finite
fibers.
6.5 Remark. (a) Part (5) of Conjecture 6.4 should be related to Conjecture
6.1.
(b) Part (2) of Conjecture 6.4 immediately implies that all intrinsic vol-
umes extend by continuity to LˆF(n,D, κ).
Now let us give a (still conjectural) application of this more refined
picture. Let a sequence {Mnl } of n-dimensional smooth closed connected
Riemannian manifolds of uniformly bounded below sectional curvature GH-
converges to a compact Alexandrov space X and assume that a constructible
function F on X is well defined (recall that this is always possible after a
choice of a subsequence). It turns our that the function F is not arbitrary,
i.e. there is a non-trivial restriction on F . Let us assume for simplicity that
X is a smooth manifold with boundary. Then the strata of the extremal
stratification of X are the interior of X and each connected component of
the boundary of X . Let us enumerate these components: ∂X = ∪Ta=1Ba.
Then, since F is constructible, it must have a form
F = α1lX +
T∑
a=1
βa1lBa with α, βa ∈ Z.
We claim that the coefficients α and βa are related as follows:
either α = 0; (6.1)
or β1 = β2 = · · · = βT and α = −2β1. (6.2)
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To show this, we may assume furthermore that after a choice of a subsequence
the isomorphism classes of fl∗(FMl) ∈ D
b
c(X) are equal to each other for l ≫ 1
(up to the action of the group of isometries of X); this isomorphism class
will be denoted by [F•]. Here fl : Ml −→ X are maps from Theorem 4.6.
The constructible function corresponding to F• is equal to F . The Verdier
duality operation D commutes with proper push-forwards:
D(fl∗(FMl)) = fl∗(D(FMl)).
But D(FMl) = ωMl[n], where ωMl is the orientation sheaf of Ml. Hence
D(F•) = fl∗(ωMl[n]). (6.3)
It is easy to see that the constructible function corresponding to fl∗(ωMl[n])
is equal to (−1)nF . When one translates the equality (6.3) to the language
of corresponding constructible functions one obtains either (6.1) or (6.2) de-
pending on the parity of n.
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